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e E/Qis an elliptic curve defined over the rationals.
e f is its associated modular form: L(E,s) = L(f,s).

@ We fix a prime p satisfying the following conditions
e p>2
o E has good ordinary reduction at p.
o The natural action Gg on T,(E) is surjective.
o Other conditions: p =0, p /Tl v, p J#E(Fp)

@ Qoo /Q is the cyclotomic Z,-extension.
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Selmer group of an elliptic curve

Kummer sequence

" E 0

0 Elp"] E

Taking Galois cohomology,

0 — E(K)/p"E(K) —— H"(K,E[p"]) —= H'(K, E)[p"] =0

0 IT, E(K\)/p"E(K.) =TT, H'(Ky, E[p"]) = H' (K, E)[p"] -0

Sel(K, E[PN]) = ker (H (K, E[p D H e Kv,@)E%p/p]))
Fact

Gal(K/Q) acts on Sel(K, E[p"]) by conjugation.
The Selmer group is a Z,[Gal(K/Q)] module.
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Relation with the Mordell-Weil group

Sel(Q, E[p*]) = lim Sel(Q, E[p"])
The Kummer sequence can be written in this case as

0 —— E(Q) ® Qp/Zp —— Sel(Q, E[p™]) —— LI(E/Q)[p™] —0

° E(Q) ®Qp/Zp = (Qp/Zyp)"
o Sel(Q, E[p™]) = (Qp/Z,)° X (finite) = s >r
o Conjecturally III(E/Q) finite, so r = s.

@ Assuming this conjecture, #II(E/Q)[p™] = #(finite).
#III(E/Q) appears in the BSD formula.
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Modular symbols

[2)=oni [" t@ae [2] = & ([2]+[F]) <20

On=3" [2] 02 € Z,[Gal(Q(1n)/D)

(a,m)=1

Remark

0 is related to the p-adic L-function
Ipn =" (Gpn — Z/p,.7p,._10p,._1) i Opoo = I<|. Do € Zp[[Gal(Qos /Q]]

where « is a root of x? — apx + p.
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Quantities 6,

Proposition/definition

Let m =k ---I. be a square-free integer. Then we have that

Gal(Q(pm)/Q) = Gy X --- X G, where G, := Gal(Q(u;,)/Q)

Fix 7; a generator of G;..
Then there exists some element 8, € Z/p" such that

Om = (—1) Om(my, —1)---(m, —1) mod (pN, (ry —1,..., (7, — 1)2)

The value of §,, might depend on the chosen generators o, but ord,(d,) does
not.

Remark

The quantities d,, are effectively computable.
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Bounding the Selmer group

Consider primes / =1 mod p" such that E has good reduction at / and
E(F)[p"] =2Z/p".

Let N™ be the set of square-free products of those primes.

We have the following map

Sel(Q, E[p")) » P E@) @ 2/p" = P EF) 0 2/p" = (2/ PN)M

Ilm Ilm

Theorem (Kurihara)

If me N™ and 8, is a unit in 7/p", then the above map is injective.

Theorem (Kim, Sakamoto)

If me N® is 5-minimal. Then we have that

Sel(Q, Elp]) » P E@) ® Z/p

I|m

is an isomorphism. In particular, dimg, (Sel(Q, E[p])) = v(m).
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Sel(Qoo, E[p™])

Its Pontryagin dual is a finitely generated torsion module over

A = Z,[[Gal(Qoo /Q)]] = lim Z,[Gal(Qn/Q)] = Z,[[ T]].

Since v = 0, the dual of Selmer group is isomorphic (up to finite kernel and
cokernel) to

X = Homes(Sel(Qus, E[p™1), Qp/Z5) ~ [T A/ ()"

Characteristic ideal

char(X) := H(f,-)ﬁi CA

!
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Iwasawa main conjecture

Iwasawa main conjecture

It is the equality of ideals
(Ypee ) = char(X)

@ The inclusion C was proven by Kato.

@ The other inclusion has been proven under some conditions on the elliptic
curve.

Theorem (Sakamoto)

The existence of some m € N such that 8, is a unit in Z/p is equivalent to
the Iwasawa main conjecture.
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Structure of the Selmer group

@ Assumptions: Ilwasawa main conjecture and non-degeneracy of the p-adic
height pairing.

@ Structure theorem and Cassels-Tate pairing:
Sel(Q, E[p™])Y = Zj x (Zp/p™)* x -+ (Zp/p™*)’

o Under our assumptions, Sel(Q, E[p"]) = Sel(Q, E[p>°])[p"], so for N large
enough

Sel(Q, E[p"])” = (Zo/p") % (Zp/p™ ) % -+ (Zp/p™*)

o We want to find s, a1 > ... > a.
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Structure of the Selmer group

Define the ideals

Oin = ({5m cv(m) <i,m GN(N)}) cz/p”

)

Theorem (Kurihara)

For N large enough, we have that

Oon=01n=--=0s_18n=0

t
Osyojn = H (p)** V¥j=0,...,t
k=j+1

Corollary

If we write ©; y = p""" (Z/p"), then n; y does not depend on N when N is
large enough. Then we can define n; = lim n; y and we have that

fs —Ns42 2 Ns42t—2 —Ns42t 2
Sel(Q,E[p“])%(@p/ZP)SX(Z/p ; )x-~x(Z/p ; )
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Thanks for your attention!

Alberto Angurel Andrés Structure of Selmer groups in terms of modular symbols



