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Selmer structures

Setup

m p > 5 is a prime number.
m T is a p-adic Galois representation over Q , i.e.,

m T is a finitely generated free Z,-module.
m There is a continuous action of Gg on T.

Selmer structure F

m A finite set X of primes containing p, oo and those where T is ramified.
m For every £ € ¥, a subgroup H(Qg, T) C H(Qg, T) called local condition.

Selmer group

Sel#(Q, T) = ker | HX(Qz/Q, T @H(Q" cH'(@Q,T)
lex (Ql7
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Dual Selmer structure

Dual representation

T* :=Hom(T, pp=)

Dual Selmer structure

m Same set of primes X.

m Local duality: there exists a non-degenerate pairing

HY(Q¢, T) x HY(Qq¢, T*) = Qp/Zp

[ H}_-* (Qg, T*) is defined as the orthogonal complement of H}_—(Qg, T).

m There is a dual Selmer group Selz+ (Q, T*) defined similarly.

Alberto Angurel Andres Kolyvagin system and Selmer structures of rank 0. 3/13



Examples of Selmer groups

mlet T = lim - fapn and let K be a number field.
m Let X be the primes above p and oo.

m Hilbert 90 = K ® Zp = H(K,, T).
HL(Ky, T) := Uy @ Zp — HY(Ky, T).

m There are canonical isomorphisms

Selr(K, T) = O ® Zp,  Selz«(K, T*) = Hom(CI(K), Qp/Zp)

m Let T be the Tate module of an elliptic curve E/Q.

m Let X be the primes p, co and all bad reduction primes.
» HL(Q, T) = Im (E(Qe) ® Zp — HY(Qy, T))

m If III(E/Q) is finite, then Selz(Q, T) = E(Q) ® Zp
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Kolyvagin graph

m Let P be a set of primes and let A/ be the square-free products of primes in P.
m The vertices of the graph are the elements in NV.

m For every n € N and g € P such that (n,q) = 1, there is an edge between n and
ng.

Example
Assume P = {{1,0,03}.

v(n) =0 > 1

|

v(n) =1 >41><42 ><€3
l/(n) =2 == flez f1£3 5253
v(n) =3 > 010243
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Kolyvagin primes

Kolyvagin primes P

s /=1 mod p*.
m T/(pX, Froby, — 1) = Z/pk.

BPLDOP2D - DP D
m Chebotarev density theorem = All Py are infinite.

m We will consider a big Kolyvagin graph with vertices N7 and a a 'filtration’ of
subgraphs formed by the vertices in N.

m The vertices in N} carry more information for bigger values of k.
m Given some n € N7, we denote by e, the maximal k such that n € Py.

m The idea is that n sees the Selmer group mod p®n.

Alberto Angurel Andres Kolyvagin system and Selmer structures of rank 0. 6 /13



Kolyvagin systems

Kolyvagin system

m For every vertex n € N, we choose an element x, € Selz(,(Q, T) C HY(Q, T).

m For every edge n — nf, we impose a relation between k, and k.

Core rank

B x(F) = dimg, Selz(Q, T/pT) — dimg, Selz- (Q, T*[p])

Rigidity of Kolyvagin systems

s X(F) =0=KS(T) =0
" X(F)=1=KS(T) =72,
m x(F) >1=KS(T) is too big.
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Structure of the Selmer group when x(F) =1

Theorem (Mazur-Rubin): relation with the Selmer group

Let x be a primitive Kolyvagin system
m ord(rk1) :=sup{j: k1 € p/Sel#(Q, T) /tors }
m ord(x1) = length(Selz+ (Q, T*)V)
m In particular, k1 # 0 < Selz«(Q, T*) is finite.

m HY(Q, T) = HY(Q, T/p®"), Kn+ Fn.
 ord(kn) = sup{j : B € PSely(s)(Q, T/p%)}

Derivatives

| Derivatives |
m 9O (k) = ord(k1)
m 90 (k) = inf{ord(xn) : v(n)

i}

Theorem (Mazur-Rubin)

p? (%) = Fitt;(Sel 7+ (Q, T*)Y)
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Structure of the Selmer group when x(F) =0

Alberto Angurel Andres

Problem There are no non-zero Kolyvagin systems.
Solution We choose a suitable prime ¢ and consider the relaxed Selmer structure
Ft.

Z%ZU{I}? H‘]%Z(Q&T):Hl(QbT)

X(F%) =1 — choose a primitive Kolyvagin system .
Consider the map
HY(Qg, T)
locy : HY(Q, T) = H}Q¢, T) = —o L
@D = 11D = e,

0n 1= locg(kn)

- - j [ HAQe.T/pf)
ord(é,,) = sup {j opep (mm
8 (8) = inf{ord(8a) : v(n) =i}
() are related to the exponents of the Fitting ideals of the Selmer group
Selr«(Q, T*)V.



Structure of the Selmer group when x(F) =0

Theorem 1 (A.)

Assume that the residual representations T /pT and T*[p] have no isomorphic
subquotients. Then

p?"®) = Fitt; (Sely+(Q, T*)Y) Vi € 220

Theorem 2 (A.)

If we drop the non-self-duality assumption, we get

p?" @) C Fitt; (Sel+(Q, T*)Y) Vi € 22°

Moreover, for some fixed index i, the equality holds if either
m The equality does not hold for i — 1.
m (=1 (4) = 0.

Remark

{B(i)(é)}iezzg determines all the Fitting ideal of the Selmer group and, consequently,
its group structure.
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Elliptic curves: Selmer group over Q

Assume E/Q and consider the classical Selmer structure.

Kato constructed an Euler system for T,E. From it, we can obtain a Kolyvagin
system k € KS(T,E, FP).
m Under certain assumptions, Kato's Kolyvagin system is primitive.

wotte= & (2] + 2] om0

ac(z/nyx N

= Functional equation = §, = 0 when (—1)" # ¢.

(—l)i == pa(')({;) = Fitt; (Sel}‘(@, T*)v)

Theorem (Kim)

The structure of the Selmer group can be written explicitly. Let
r=min{i €Z2%:3n € N :v(n) =iAd,#0}. Then
2 2

Z » Z
(N (5)—a(r+2)(s) o 8(s—2)(5)—8(5)(s)
P 2 P 2

sel(Q, €D ~ (22 x

P
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Elliptic curves: Selmer group over number fields

Selmer
structures m Let £/Q be an elliptic curve and K/Q be an abelian extension of degree
Kolyvagin prime-to-p.

systems

m Assume the conductors of E and K are coprime.

Selmer
groups = We want to study Sel(K, E[p>°]). Using Shapiro's lemma
Elliptic

Sel(K, E[p™]) = Sel(Q, E[p™]) ® Zp[Gal(K/Q)] ~ D Sel(Q, E[p™]x)
X

m Kato's Euler system can be twisted to obtain a Kolyvagin system
kx € KS(TpEx, FP)

Sox= . xla) (E]+ + E]f) [[1ogn,) € Zo(x)/p*

a€(Z/nc)* £ln
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Elliptic curves: Selmer group over number fields

Theorem 3 (A.)

The Galois structure of Sel(Q, E[p>°]y) can be described explicitly in terms of
modular symbols.

Let r=min{i € Z2°: 3n € N : v(n) = i A Sp,x # 0}
m If x is quadratic, by theorem 2

Q\" z 7

Q oo ~ [ =P = o=

bel(@v E[p ]X) ~ (Z % a()(5)—8(r+2) (s) 2 2=2)(5)—a(s)(s)
P P 2 P 2

m If x is not quadratic, by theorem 1
o1 v~ (@) Zp(x) Zp(x)
Sl @, Elp™l) = (Zp(x) *\ pPe) o) | T HaE)-0)

We can describe the structure of Sel(K, E[p>°]) using modular symbols.

Alberto Angurel Andres Kolyvagin system and Selmer structures of rank 0. 13 /13



	Selmer structures
	Kolyvagin systems
	Selmer groups
	Elliptic curves

